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Abstract. In this article we investigate two free boundary problems for a Lotka- 
Volterra competition system in a higher space dimension with sign-changing coefficients. 
One may be viewed as describing how two competing species invade if they occupy an 
initial region, the other describes the dynamical process of a new competitor invading 
into the habitat of a native species. For simplicity, it is assumed that the environment 
is radially symmetric. The main purpose of this article is to understand the asymptotic 
behavior of competing species spreading via a free boundary. We derive some suffi¬ 
cient conditions for species spreading success and spreading failure. Moreover, when 
spreading successfully, we provide the long time behavior of solutions. 
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1 Introduction 

In this article we study the evolution of positive solutions {u{t,r),v{t,r),h{t)), with r = \x\ and 
X G to the following free boundary problems for a Lotka-Volterra type competition system in 
heterogeneous environment 


Ut - 

diAu = u{ai{r) — 

bi{r)u — 

ci(r)u), 

t > 

0, 

0 

< 

r < h{t) 

Vt - 

d2Av = v{a2{r) - 

b2{r)u - 

C2{r)v), 

t > 

0, 

0 

< 

r < h{t) 

Ur{t 

,0) = t;r(t,0) = 0, 



t > 

0, 




U = 

V = 0, h'{t) = —/t( 

Ur -t- fdVr 

), 

t > 

0, 

r 

= 

h{t), 

u{0, 

r) = uo(r), u(0, r) 

= 


0 < 


< 

ho 

= h{0) 
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and 


ut — diAu = u{ai{r) — bi{r)u — ci(r)n), t > 0 , 0 < r < h{t), 

vt — d2Av = v{a2{r) — b2{r)u — C2{r)v), t > 0 , 0 < r < oo, 

Ur(t, 0) = Vr(t, 0) = 0, t > 0, 

h'{t) = —gUr, t > 0 , r = h{t), 


( 1 . 2 ) 


u{t,r) = 0, 
n(0,r) = uo{r), 
v{ 0 ,r) = vo{r), 


t > 0 , h{t) < r < oo, 
0 < r < /lo = h{0), 

0 < r < oo. 


In the above two problems, An = Urr + ^^j^Ur] ho, g, jd and di {i = 1, 2) are given positive constants; 
r = h{t) represents the moving boundary to be determined; functions ai{r),bi{r), Ci{r) belong to 
C''’'([0, oo)) n L°°{[0, oo)) with 7 G (0, 1) (z = 1,2), and satisfy 

(H) ai{r) is positive somewhere in [0, 00 ), 6j(r) and Cj(r) are positive in [0, 00 ), z = 1,2. 
Moreover, there exist positive constants bi, Cj and c* such that 


6 j = inf bi{r) < sup bi{r) = bi, Cj = inf Ci{r) < sup Ci{r) = a. 

0<r‘<oo 0<r'<oo 0<r<oo 0<r<oo 


The initial functions wo(^) cind vo(r) correspondingly fulfill 

f uo(r},vo(r} G C‘^{[0,ho]), uo{r),vo{r) > 0 in [0,/zo), 

\ u'o(O) = v^(0) = uo(ho) = vo{ho) = 0 

for problem (II.Ih and 

f zzo G C^([0,/zo]), zzo(O) = uo{ho) = 0 and uo{r) > 0 in [0, /zq), 

1 no G 00)) n L°°([0, 00)), ^ 0 ( 0 ) = 0 and vo{r) > 0 in [0, 00) 


(1.3) 


(1.4) 


for problem Q. We wonld like to point out that for some conclusions of this article, one 
can relax the smoothness hypothesis on the coefficients ai{r),bi{r),Ci{r) by only assnming that 
ai{r), bi{r), Ci{r) G C([0, 00)) (d L°°([0, 00)). 

From a biological point of view, problem (II.ip may be nsed to describe how the two new or inva¬ 
sive competing species with population density {u{t, |x|), z;(t, |a:|)) invade if they initially occupy an 
A-dimensional ball {|x| < ho}. Both species have a tendency to invade farther into their new habi¬ 
tat. The expanding front is represented by the free boundary {|x| = h(t)}, which is proportional to 
the normalized population gradient at the spreading front, i.e., h'{t) = —fi[ur{t, h{t))+ /3vr{t, h{t))]. 
Problem (jl.2p describes the dynamical process of a new competitor invading into the habitat of 
a native species. The new competitor u{t, |x|) initially exists in the ball {|x| < ho}, and disperse 
through random diffusion over an expanding ball {|a:| < h{t)}, whose invading front {|a:| = h{t)} 
evolves according to the free boundary condition h'{t) = —g.Ur{t, h{t)). The native species v{t, |x|) 
undergoes diffusion and growth in the entire available habitat (assumed to be here). The co¬ 
efficient functions oi(|x|) and a 2 (|x|) measure the intrinsic growth rates of u{t,\x\) and z;(t, |x|), 
6i(|x|) and C 2 (|x|) represent the intraspecific and ci(|x|) and b 2 {\x\) the interspecific competition 
rates, and di and ^2 are the diffusion rates. 

Both problem (11.11) and (|1.2p are variations of the diffusive Lotka-Volterra type competition 
model, which has been studied in detail over a bonnded spatial domain or the entire space For 
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instance, the dynamical behavior of the problem 


ut — diAu = u{ai — biu — civ), 
vt - d2Av = v(a2 - b2U - C2v), 

du _ dv_ _ ri 

dn dn 

u{0,x) = uo{x) > 0, v{0,x) = vo{x) > 0, 


t > 0, X G n, 
t > 0, X G n, 
f > 0, X G dCl, 
X G n 


is widely known ([3l [181 123]), where ai,bi,Ci and di (i=l,2) are given positive constants, is a 
bounded domain in (N > 1) with smooth boundary, n is the outward unit normal vector on 
dQ. The system can be regarded as depicting how two competitors evolve in a closed habitat H, 
with no flux across the boundary dfl. Thus their competitive strengths are completely determined 
by the coefficients in the system. For the entire space problem 


Ut — diUxx = u{ai — biu — civ), t > 0, x G M, 
Vt — d2Vxx = v{a2 — b2U — C2v), t > 0, X G M, 


there have been many interesting studies on the existence of positive traveling wave solutions (see, 

e.g., [IZ1122]). 

Recently, Guo and Wu m) investigated the free boundary problem 


Ut = 

: Uxx + U{1 - 

u — kv), 

t > 0, 

o 

A 

X < s(A), 



Vt = 

dVxx + Rv{l 

— V — hu), 

A > 0, 

o 

A 

X < s(A), 



Ux = 

= Vx = 0 , 


A > 0, 

X = 

0, 


(1.5) 

u = 

II 

= -n{ux + (dvx), 

A > 0, 

X = 

s(A), 



u{ 0 , 

x) = Xo(x), 

x(0,x) = xo(x). 

o 

lA 

< So ^ 

= s(0) 



the 

weak competition case: 0 < 

h,k < 

1. It 

was proved that 

if 

s(oo) < 


^ m.m{^yd/R, 1}, then the two species vanish eventually, i.e., limt_>.oo •), x(t, •)||cQo,s(t)]) 


= 0 ; 


if s(oo) > s*, then the two species spread successfully, i.e., liminf tt(t, •) > 0, liminfx(t,-) > 0, 

t^oo t—>-oo 


where 


TT l~d 1 

vr 1 
2 


if d<R, 
if d> R, 


TT 

— mm 
2 


^ ^ \ 
Vl — k ’ Vl — h J 


if d = R. 


Moreover, they demonstrated that if d, R, ^ and j3 are given and d ^ R, then the spreading-vanishing 
dichotomy can be assured either /i or A; is small enough. In addition, the precise asymptotic behavior 
of (n, x) was provided when the two species spread successfully, i.e., 


lim (tt, v)(t, x) 

t^oo 


f l-k l-h\ 
\l-hk' l-hk) 


uniformly on any compact subset of [0, oo). Then, Wang and Zhao ([29|) extended the results 
obtained in m, and discussed the long time behavior of the cases with both 0 < h < 1 < A: and 
0 < A: < 1 < h. Besides, the authors of [29| also disposed of problem (|1.5p with the left boundary 
condition Ux = Vx = 0 replaced by tt = x = 0, and derived various interesting results. 
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In m, Du and Lin investigated the diffusive competition model (11.21) in which ai{r), bi(r), Ci{r) 
are given positive constants. In the case that u is an inferior competitor (determined by the reaction 
terms), they demonstrated that {u,v) (0, u*) as t ^ oo, where (0, u*) is the semitrivial steady- 

states of the system. When u is a superior competitor, a spreading-vanishing dichotomy were given; 
moreover, when spreading of u happens, they also presented some rough estimates of the spreading 
speed. 

The primary intention of this article is to generalize the results mentioned above to competi¬ 
tion system in heterogeneous environment, where the variable intrinsic growth rate may be “very 
negative” in a “ suitably large region”. We will give some sufficient conditions for species spreading 
success and spreading failure, and present the long time behavior of solutions when spreading suc¬ 
cessfully. Though our ideas essentially follow that of [I5l |29] and m, most of the technical proofs 
here are quite different from and much more involved than the corresponding ones, and some of 
the results here are proved by completely different methods. 

We end the introduction by mentioning some related researches. In the absence of v, the two 
problems dEU) and ()1.2p both reduce to the diffusive logistic model with a free boundary which has 
been studied by Du et al. Peng and Zhao [24] considered a free boundary problem of the 

diffusive logistic model with seasonal succession. In [30], Wang and Zhao studied a free boundary 
problem for a predator-prey model with double free boundaries in one dimension, in which the 
prey occupies the whole space but the predator lives in a bounded area at the initial state. Later, 
Wang [26[ [27] dealt with the case that both predator and prey live in a bounded area at the initial 
state. For more mathematical problems with free boundary conditions, we refer the readers to 
[Hiiiiisi Ha diEii [32] and some of the references cited therein. 

The organization of this article is as follows. In the following three sections, we shall focus on 
the behavior of problem (11.111 . The global existence, uniqueness and estimate of solutions {u,v,h) 
for problem dm) are established in Section [2j In Section [S] we give some sufficient conditions of 
spreading and vanishing. Section [4| is devoted to the long time behavior of (u, v) for the spreading 
case. In Section [5] we explain how the techniques for (II.ip can be modified to discuss problem 
mi, where the free boundary is only determined by the new competitor u. 

2 Global existence, uniqueness and estimate of solutions to (ll.ll) 

In this section we present the global existence, uniqueness and estimate of the solution (tt, u, h) to 
problem 

Theorem 2.1. For any given uq and vq satisfying (II.3p . problem dni) has a unique global solution 
{u, V, h), and 

(n, V, h) G C^+i’2+7(Q) X C^+i’2+7(g) x (( 0 , cx))), ( 2 . 1 ) 

where Q = {{t,r) G t G (0,00), r G [ 0 ,/i(t)]}. Moreover, there exist positive constants K and 
Ki dependent on di, p,, l3,b^,bi,c^,Ci,ho and \\ai,uo,vo\\oo such that 

0 < u{t,r) < K, 0 < v{t,r) < K, 0 < h'{t) < K, Vt>0, 0<r< h{t); (2-2) 

\\uit,-),v{t,-)\\ci([o,hm ^ vt>l; II^'IIc 5 ([„+i,„+ 3 ]) ^Vn>0. (2.3) 

Proof. The proof can be done by adapting analogous methods in [TT] [T5[ [28l [3T]. For the reader’s 
convenience, we provide the arguments with obvious modifications, which is divided into the fol¬ 
lowing several steps. 
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Step 1. Notice that aj(r), bi{r) and Ci(r) belong to -L°°([0,oo)). Similar to the argument of 
Lemma 2.1 in m we can apply the contraction mapping theorem to show that problem (|l.ll) has 
a unique local solution (tt, v, h) G x {Qr) x (0, r) for any v G (0,1) and 

some T > 0 small enough, where Qr = {{t,r) : t G (0,t], r G [0,/i(t)]}. 

Then we promote the regularity of the solution (u, v, h). To do this, dehne the transformations 

y = x/h{t), s = |yl, w{t, s) = u(t,r), z(t, s) = v{t,r). (2.4) 

By elementary calculus one can verify that 

wt — diC{t)AsW — ^{t, s)ws = w{di — biw — ciz), 0 < t < t, 0 < s < 1 , 

Zt - d 2 C{t)AsZ - s)Zs = v{d 2 - b 2 W - C 2 z), 0 < t < T, 0<S<1, 

< Ws(t, 0) = 0, w(t, 1) = 0, 0 < t < r, (2.5) 

Zs(t, 0) = 0, z{t, 1) = 0, 0 < t < T, 

w{0,x) = wo(hos), z{0,x) = vo{hQs), 0 < s < 1, 

where C{t) = C{t,s) = h'{t)s/h(t), g = g{t,s) = g{h(t)s), g may be one of the functions 

ai,bi,Ci (i=l,2). Obviously, ()2.5p is an initial and boundary problem with fixed boundary condi¬ 
tion. Note that ai{r),bi{r) and Ci{r) {i = 1,2) belong to C''^([0, oo)), {u,v,h) G x 

X (0, r). For any 0 < e ^ 1, applying Theorem 10.1 of [19] to problem ()2.5I) on 
[e,T] X [e, 1] and [e, r] x [0,1 — e], respectively, we can derive 

w, zGC^+2’^+y([s,T] X [e,l])nC^+i’2+7([£^^] X [0,1-e]). 

This combined with (12.4p results in 

u, V G C'^’''2’2+'>'([e,r] x [eh{t),h{t)]) n C'^’''2’^+'>'([e, r] x [0, (1 — £)h{t)]). 

Owing to the arbitrariness of £ we have u, v G C^“'"^’^^'^((0, r] x [0,/i(t)]), which implies Ur, Vr G 
{{0, r] X [0, h{t)]). Therefore, by means of the free boundary condition h'{t) = —g,{ur+(3vr), 

ld"”Y 

it can be deduced that h' G C'^“((0,r]). 

Step 2. We assert that if (u, u, h) is a solution of problem (II. ip defined in [0, r] for some 
r G (0, oo), then there exists a positive constant K 2 independent of r such that these results of 
(|2.2I) hold for t G (0, r) and r G (0, h{t)) instead of t > 0 and r G (0, h{t)). 

As rt,u > 0 for 0 < r < h{t) and u = v = 0 for r = h{t), we have Ur{t,h{t)),Vr(t,h(t)) < 0 
and so h'{t) > 0. In view of [SO] Lemma 2.6], it can be deduced that Ur{t,h{t)),Vr{t,h{t)) < 0. 
Therefore, h'{t) = —fi{ur -|- f3vr) > 0 for 0 < t < r. 

Let u{t) be the solution of u' = u(||ai(r)||L<x) — biu) with u{0) = ||wo||l°°- The comparison 
principle allows us to conclude that u{t,r) < u{t) < max{||ai||oo/^i, ||mo||oo} for all t G (0,r] and 
r G [0,/i(t)]. Analogously, we can obtain that v{t,r) < max{||o 2 ||oo/c 2 , jj^^olloo} for all t G (0, r] and 
r G [0,/i(t)]. 

The proof of remaining results for our assertion is similar to that of corresponding part of 
Lemma 2.2 in |15] (or Theorem 2.4 in [H])- 

Step 3. By invoking the conclusions of Step 1 and Step 2, we can apply the contradiction 
argument to achieve the existence of global solution. When the solution to problem (HI) exists 
globally, the procedure of the previous two steps can be still done for arbitrary r G (0,oo). This 
finishes the proof of (|2.1I) and (|2.2I) . 
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Step 4- We show (I2.3I1 . For any integer n > 0, define w^{t, s) = w{t + n, s), z^(t, s) = z{t + n, s) 
and h"^{t) = h{t + n). It is easy to check that {w"', z^, hY) satisfies 


' < - diC{t)/\sw'^ - «)< = r, 0 < t < 3, 

Zt - d2C{t)AsZ^ - s)z^ = g^, 0 < t < 3, 

< = 0, 1) = 0, 0<t<3, 

z^{t, 0) = 0, z^(t, 1) = 0, 0 < t < 3, 

^ w”'(0,x) = u(n,h"'(0)s), z"'(0,x) = v(n,h^(0)s}, 0 < s < 1 , 


0 < s < 1, 
0 < s < 1, 


where C"'(t) = C(^ + s) = ^{t + n, s), /” = w'^{ai{h'^{t)s) — hi{hY{t)s)w'^ — ci{tY{t)s)z'^) 

and g'^ = z^{a 2 {h"'{t)s) — b 2 {hY{t)s)w'^ — C 2 {h^{t)s)z'^). 

Combining estimate (| 2 . 2 p with the assumptions on /iq, ai(r), bi{r) and Ci(r), we can deduce 
that C”", /” and g'^ are uniformly bounded on n. Besides, 1) = z'^{t,l) = 0. Therefore, 

employing the interior estimate (see 1201 Theorems 7.15 and 7.20]) and embedding theorem yields 
that there is a positive constant Ki independent of n such that \\w"', z'^\\ _i +7 14 ..^,,, for 

any re > 0. This implies that for any re > 0, jjrc, z\\ 1+7 


'C" 


, 1+7 


(En) 


Ct^’1+7[1,3]x[0,1]) 

< Ki with En = [n +1, n + 3] X [0,1]. 


In view of estimate (|2.2I1 . the transformation (|2.4p and the free boundary condition, it is not difficult 
to get that II/i'ILt,, < Ki for all re > 0, i.e., the second estimate of (12.31) . Because these 

rectangles overlap and Ki is independent of re, we have ||w^,- 2 ||c 0 ’i([i,oo)x[o,i]) ^ then 

the first estimate of ( 12 .3p is obtained immediately. 

This completes the proof of Theorem 12.11 □ 


It is readily seen from the last estimate of (12.2p that the free boundary h{t) is strictly monotone 
increasing. Thus there exists h^o € (0, 00 ] such that limt_j.oo h{t) = hoo- 


3 Spreading-vanishing criteria for problem (ll.ll) 

To discuss the asymptotic behavior of u and v for vanishing case (/too < 00 ), we first give the 
following proposition. 


Proposition 3.1. Let d, v, a and go be positive constants and C be any real number. Suppose 


Wo € C^{[0,go]), w'o = wo{go) = 0, 'u;o(r) > 0 in [0,5o)- 

Assume that g{t) € 2 ([0, 00)), g{t) > 0 for 0 <t < 00, lim4_,.oo g{t) = goo < 00, limt^oo g'{t) = 

0; and that w G 00) x [0,(7(t)]), w{t,r) > 0 for 0 < t < 00 and 0 < r < g{t), 

||r(;(t, •)||( 7 i[o^g(t)] < M for any t>l and some M > 0. If {w,g) satisfies 


wt — dAw > Cw, 

Wr = 0 , 

tC = 0, g'{t) > —UWr, 
_ 'u;( 0 ,r) = wo{r), 


t > 0, 0 < r < g{t), 
t > 0, r = 0 , 
t > 0 , r = g{t), 
0<r <go = g{0), 


then limi^oo maxo<r<g(t) w{t, r) = 0 . 


Proof. The proof of this result is essentially the same as Step 1 of Theorem 3.1 in [32], so we leave 
out the details. □ 
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Theorem 3.1. Assume that {u,v,h) is the solution of problem (|l.ll) . If hoo < oo, then 


lim ||u(t,-),t'(t,-)llc([o,/ih)]) = 0. 


This result indicates that when the two species do not spread successfully, then they must vanish 
eventually. 

Proof. By the last estimate of ([2]3|) we know that II/i'11^7 Combining this with> 0 


and /loo < oo implies /i'(t) —)• 0 as t ^ oo. 

Due to Hypothesis (H) and estimate (12.21) . there exists positive constant Mi such that |ai — 


biu — ciu| < Ml and |a 2 — b 2 U — C 2 v\ < Mi. From the proof of Theorem 12.11 we can find that 
Ur{t,h{t)) < 0 and Vr{t,h{t)) < 0. Thus it follows that 


ut — diAti > —Miu, t > 0, 0 < r < h{t), 


Ur = 0 , 


t > 0, r = 0 


n = 0, h'{t) > —fiUr, t > 0, r = h{t) 
^ n(0,r) = tio(r), 0 < r < /iq. 


By virtue of (12.21) . (|2.3I) and Proposition 13.11 it is derived that lim 4 _>.oo maxQ<^<;j(j) ti(i, r) = 0. In 
the same way we immediately get limt_>.oo icaax(j<r<h{t) v(t, r) = 0. 


This proof is completed. 


□ 


For any given I, let Xi{t, q, d) denote the principle eigenvalue of the problem 



(3.1) 


where q E L°°([0, oo)) and d is a positive constant, Bi represents the ball of centered at the origin 


with radius i. In the sequel we will use Ai(/io; ui, di), Ai(/io; 02 , d 2 ), Ai(/ioo; oi, di), Ai(/ioo; 02 , d 2 ) 
to denote the first eigenvalue of problem (13.11) with i, q, d replaced by the corresponding data, 
respectively. Notice that q is bounded and the boundary condition is = 0. Then the following 
Proposition 13.21 is well known (see, e.g., [3l YI\\. [25] b 

Proposition 3.2. (i) Ai(f;g, d) depends continuously on i, q and d; 

(ii) Xi{i]q,d) is strictly decreasing in i and <?(|x|), strictly increasing in d; 

(hi) lim£^o+ Xi{£-,q,d) = lim^^oo Ai(£; g, d) = 00 , Xi{e-,q,d) = - maxjo^^j g(|x|). 

Proposition 3.3. Assume that the function q{x) satisfies one of the following assumptions: 

(Al) There exist a constant fl > 0 and two sequences {Rn}, {rn} satisfying Rn > rn > 

0 and Rn — —>■ 00 as n ^ oo, such that (^dxl) > fi for rn < |x| < Rn; 

(A2) There exist three constants /? > 0, /c > 1, —2 < 7 < 0 and a sequence {r^} 
satisfying ^ 00 as n ^ 00 , such that gd®!) > / 3 |icp for < |x| < krn- 


Then for any given d > 0, there exists a unique £0 = £o{d) > 0 such that Xi{£o-,q,d) = 0. Hence, 
Xi{£\ g, d) < 0 for all £ > £q. 


This proposition can be proved by the similar method to that of [28( Remark 3.1]. The details 
are omitted here. 


Lemma 3.1. Let A = min{Ai(/ioo; ai, di), Ai(/ioo; 02 ; d 2 )}. If hoo < 00 , then A > 0. 
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Proof. Here we use the contradiction argument. Assume that the result is false, then we have 
Xi{hoo;ai,di) < 0 or Ai(/ioo; ^ 2 , ^ 2 ) < 0 . 

If Xi{hoo',ai,di) < 0, by the continuity of Ai(/ioo; “i, di) with respect to ai(r), one can take 
sufficiently small e > 0 such that Ai(/ioo;ai — cis,di) < 0. It follows from Theorem 13.11 that 
limi^oo OUcdo./ip)]) = 0 and limi^oo •)llc([o,/i(t)]) = 0- For any given e, in light of Propo¬ 
sition Mi there is T ^ 1 such that Ai(/i(T);ai — cie,di) < 0 and v{t,r) < e for all t > T and 

0 < r < h{t). Let w{t,r) be the unique positive solution of the initial boundary problem 

wt — diAw = w{ai{r) — ci{r)s — bi{r)w), t > T, 0 < r < h(T), 

< Wr{t, 0) = 0 = w{t, h{T)), t >T, 

, w{T,r) = u{T,r), 0 < r < h{T). 

By use of the comparison principle, it can be deduced that u{t, r) > w{t, r) for all t > T and 
0 < r < h{T). As Xi{h{T)\ai — cie,di) < 0, we know that w{t,r) —IT(r) as t —)• 00 uniformly on 
[0,h(T)], where iy(r) is the unique positive solution of 

J -diAW = IT(ai(r) - ci(r)e - bi{r)W), 0 < r < h{T), 

\ WriO) = 0 = W{h{T)). 

As a result, liminft_,.oo u(t, r) > lT(r) > 0 in (0,/i(T)), which brings about a contradiction with 
the fact limi^oo ||n(f, Ollcdo,/!^)]) = 0 . 

If Ai(/ioo; 02 , 1 ^ 2 ) < 0 , similar to the above, there exist 0 < 5 <C 1 and r S> 1 such that 
Ai(/i(r); 02 — 62 ^, d 2 ) < 0 and u{t, r) < S for all t > r and 0 < r < h{t). Let z{t, r) and Z{r) denote 
the unique positive solution of 

' zt - d 2 Az = z(a 2 (r) - b2{r)5 - C 2 {r)z), t > t, 0 < r < /i(r), 

< Zr(t,0) = 0 = z{t,h{T)), t>T, 

, w{T,r) = u(r, r), 0 < r < /i(t) 

and the corresponding stationary problem 

J -d 2 AZ = Z{a 2 {r) - b2{r)5 - C 2 {r)Z), 0 < r < /i(t), 

[ Zr{0) = 0 = Z{hiT)), 

respectively. In the same way as above, we have liminft_,.oo u(t, r) > liminft^oo = Z{r) > 0 

in (0, h{T)), and then derive a paradox. This finishes the proof. □ 


Next, we present a comparison principle which will help us to establish the two species vanishing 
under certain conditions. Its proof can be accomplished in a similar way to Lemma 5.1 in |15] (also 
see Lemma 3.5 of [lOj). hence we omit the details. 

Proposition 3.4. Let {u,v,h) be a solution of problem (jl.ip . Assume that {u,v,h) G [C'(P) H 
X C^([0, 00)) with V = {(t, r) : t > 0,0 < r < h{t)}, satisfying 


ut — diAu > u{ai{r) — bi{r)u), 
vt - d2Av > v{a2{r) - C2(r)v), 

< Ur = 0, Vr = 0, 

U = V = 0, h'{t) > —li{Ur + jdVr), 
u(0, r) > 0, i;(0,r) > 0, 


t > 0, 0 < r < h{t)^ 
t > 0, 0 < r < /i(t), 
t > 0, r = 0, 
t > 0, r = h{t), 

0 < r < h{Q). 
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If ho < h(0), uo{r) < u{0,r), vo{r) < v{0,r) for all r G [0,/io], then 

h{t) < h{t) for all t > 0, u{t,r) < u{t,r), v{t,r) < v{t,r) for all t > 0, 0 < r < h{t). 

Lemma 3.2. Assume that Ai(/io; oi, di) > 0 and Ai(/io; 02, ^2) > 0. Then there exists a positive 
number /tq dependent on ho,di,d 2 , ft, ai,a 2 ,uo and vq, such that hoc < 00 for any 0 < /i < /io- 

Proof. Inspired by 0133], we are going to construct the suitable upper solutions and apply Propo¬ 
sition Ea to derive the desired result. 

Let V’2(^) be the positive eigenfunctions corresponding to A] := Ai(/io; ai, di), Af := 

Ai(ho; 02,^2), respectively, and ||V'i(’')||oo = ||V’2(r’)||oo = 1- Define 

h{t) = ho(l + 26 — 6e~‘^^), t > 0 ; s = s{t, r) = t >0, 0 < r < h(f); 

u{t,r) = Me~^^'ifi{s), v{t,r) = t>0, 0 < s < hg, 


where 6, a, M are positive constants to be determined later. 

We first point out that ipUr) < 0, i = 1,2 on [ho — ho] for some r/ > 0, and 'ifi{r) > 0 on 
[0, hg — rf\. Thus it is not difficult to manifest that there exists a positive number Mi such that for 
0 < r < ho, 

rV’((r) < MiV’i(r), i = 1,2. (3.2) 

On the other hand, due to the continuity of ai(r) and a 2 (r) on [0,3ho], we can verify that for any 
given 0 < e < 1, there exists 0 < do ^ 1 such that for any 0 < d < doi 


ai(s)ho 

h?{t) 


oi(r) 


< e, 


Q2(s)ho 

h?{t) 


a2{r) 


< e, 


Vt>0, 0<r< h{t). 


(3.3) 


By virtue of (13.2p . (|3.3I) and the assumption A] > 0, elementary computations generate 


= u 


ut — diAu — u{ai{r) — bi{r)u) 

sfj[{s)h!{f) di'f'{{s)hl di(lV - l)V^((s)ho 


—a — 


Tpi{s)h{t) 'ifi{s)h?{t) 


rV'i(s)h(t) 


- “i(’’) 


-b bi{r)u 


T-.'i 


> ^ sf^[{s)hg5ae hgai(s) h§A} A 

ipi{s)h{t) h‘^{t) h?{t) J 


> u (—a — Mihga — e + A]/9) >0, Vt>0, 0<r< h{f) 

provided 0 < e, a <C 1. Similarly, it can be deduced that for all t > 0 and 0 < r < h(t). 


7 A- ^ ^ / s'if'+s)hg6ae , . 

vt - d 2 Av - v{a 2 {r) - C 2 (r)v) > v [ -a - - - a 2 {r) + 


V’2(s)h(t) 

> V [—a — Mihga — e + Ai/9) > 0 


(3.4) 


^o«2('S) hgAf A 

h2(t) h^{t)J 


(3.5) 


provided that 0 < e, u <C 1. For fixed 0 < d < do and 0 < e, u <C 1, we can select sufficiently large 
positive number M such that 


uo{r) < Mififr) = ti(0,r), uo(r) < M'if 2 {f) = '^(0,r), V 0 < r < ho- (3.6) 


Apparently, 


Ur{t,0) = 0, Vr{t,0) =0, V t > 0. 


(3.7) 
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On the other hand, it is easy to show that h'(t) = h^Sae and 

-<Tt ^0 


-gi{Ur + fivr){t,h{t)) = -fi 


Me 


hit) 


(V’i(^o) + /3V’2 (^o)) 


< /iMe '^‘(l + /3)max{|V^'^(/io)|,|V’2(^o)|} 

since ^^2(^0) < 0. Therefore, there is a positive real number ^0 such that for all 0 < // < ^ 0 , 

h'{t) >—ij,{ur + I3vr){t,h{t)), V t > 0. (3.8) 

Additionally, it is obvious that 


u{t,h{t)) = v{t,h{t)) = 0, V t > 0. (3.9) 

Taking into account (I3.4l) - (|3.9p . by means of Proposition 13.41 we can derive 

h{t) < h(t), u{t,r) < u{t,r), v(t,r) < v{t,r), Vt>0, 0<r< h{t). 

As a consequence, hoc < h{oo) = ho{l + 25) for any 0 < /r < /tq- This proof is completed. □ 

The following proposition can be proved in a similar manner to that of [261 Proposition 3.1] (or 
123 Lemma 3.6]), so the proof will not be duplicated here. 

Proposition 3.5. Let d and C be positive constants. For any given > 0, and any function 
tco G (^^([0,50]) satisfying Wq(0) = wo(go) = 0 and wq > 0 in [6,50)? there exists P > 0 such that 
when u > u, {w,g) satisfies 

wt — dAw > Cw, 

Wr{t,0) = 0 = w{t,g{t)), 

< 

g'{t) = -nwr(t,g(t)), 

^ w{0,r) = wo{r), g{0) = go, 

we must have liminf^^oo fl'(i) > R- 

In order to derive the criteria for spreading and vanishing, we define 

S = {.^ > 0 : Ai(t'; ai, di) = 0 or Ai(£; 02, ^2) = 0}. 

According to the monotonicity of Ai(t'; ai, di) and Ai(£; 02,^2) with respect to £, we easily know 
that S contains at most two elements. If one of the functions ai and 02 satisfies condition (Al) or 
condition (A2), it follows from Proposition 13.31 that S 7^ 0. 

In what follows we regard ho and /r as the varying parameters to study the criteria for spreading 
and vanishing. Suppose that S / 0 and h* = minS G (0,oo), i.e., either Xi{h*-,ai,di) = 0 or 
Xi{h*; 02, ^2) = 0. 

Lemma 3.3. (i) If /iqo < 00 , then /iqo < h*. 

(ii) If ho < h*, then there exist two positive numbers fio, such that /iqo < h* for any 
0 < IX < Ho and /loo = 00 for any p, ^ 


t > 0, 0 < r < g{t), 
t > 0, 
t > 0, 

0<r <go, 
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Proof, (i) Assume on the contrary that h* < hoo < oo. According to Proposition I3.2f iii we derive 
either Ai(/ioo; ai, di) < 0 or Ai(/ioo; 02) ^2) < 0, which is in contradiction to the conclusion of Lemma 
13.11 Therefore, hoc < h*. 

(ii) It follows from Lemma 13.21 and part (i) that when ho < h*, there is a /tq > 0 such that 
hoo < h* for 0 < /i < /io- In order to discuss the other assertion we consider the following auxiliary 
problem 

— diAu = —Cu, t > 0, 0 < r < h{t), 

Uj.{t,0) = 0 = u{t, h{t)), t > 0, 

< 

h!{t) = —fJ^Ur{t,h{t)), t > 0, 

, 0(0, r) = uo{r), h{0) = ho, 0 < r < ho, 

where C = ||ai — biu — ciu||oo- Utilizing Proposition 13.51 we know that for any given R > h*, 
there exists a > 0 such that h{oo) > R for all fJ, > fjP. The comparison principle infers 
h{oo) > h{oo) > h*. Hence the desired result follows from the discussion of part (i). The proof is 
ended. □ 

Finally, we present the sufficient conditions for spreading and vanishing, which is a principle 
theorem in this section. 

Theorem 3.2. (i) If ho > h*, then hoo = 00 for all /x > 0. 

(ii) If ho < h*, then there exist two positive numbers < pL* such that hoo = 00 for any pL> pL*, 
whereas hoo < h* for any 0 < /x < /x* or pL = pL*. 

Proof, (i) Due to the estimate (12.2p it is easy to see that hoo > h* if ho > h*. Then it follows from 
Lemma 13.31 11 that hoo = 00 for all p. > 0. 

(ii) The argument is essentially parallel to that of Theorem 4.11 in [16], but for completeness 
and the reader’s convenience we provide the details below. 

Dehne A* = {/x > 0 : hoo < h*}. By means of Lemma l3.3l iil we find that (0,/xo] C A* and 
A* n [/x'^jOo) = 0. Consequently, /x* := sup A* G [po,p^]. In view of this definition and Lemma 
[331 i) we know that hoo = 00 when p > p*. Therefore, A* C (0,/x*]. 

We assert that p* G A*. Assume for contradiction that hoo = 00 for p = p*. Then we can select 
r > 0 such that h{T) > h*. In order to emphasize the dependence of the solution (u, v, h) of (jl.ip 
on p, we now write (u^,x;^,/i^) instead of {u,v,h). Hence we have h^{T) > h*. By virtue of the 
continuous dependence of (u^,u^,/x^) on p, we can choose e > 0 small enough so that h^{T) > h* 
for any p G [p* — e, p* — e]. And then it can be derived that 

lim hf^{t) > h^{T) > h*, V /x G [p* - e,p* - e], 

t—¥00 

which implies that [p* — e, p* — £]ri A* = 0. Thus we have sup A* < p* — e, which is in contradiction 
to the definition of p*. This proves our assertion that p* G A*. 

Define 

A* = {k : K > po such that h^^oo < h* for any 0 < p < k} 

where po is given in Lemma 13.21 Apparently, /x* := sup A* < p* and (0,/x*) C A*. Similar to the 
above, it can be shown that /x* G A*. This completes the proof of Theorem 13.21 □ 

Remark 3.1. For problem (11.11) . Theorem \3.S\ does not provide any information for spreading 
success and spreading failure when p^ < p < p*. But for problem O), we will give a threshold 
result for spreading-vanishing in section O 
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4 Long time behavior of (u, v) for the spreading case 


The goal of this section is to deal with the long time behavior of (tt, v) for spreading case: h^o = oo. 
First of all we give the existence and uniqueness of positive solution to the logistic type elliptic 
equation 


— dAu = u{q{\x\) — p{\x\)u), x G 


(4.1) 


Here, and in the following, d denotes given positive number, g(|x|) andp(|x|) are assigned functions 
in oo)) n L°°{[0, oo)) with 0 < p < p(|x|) < p < oo in [0, oo). 

The following result is a special case of Theorem 7.12 in [5]. 


Proposition 4.1. Suppose that there exist positive constants q, q and p G (—2,0] such that 

q{r) 


q = lim inf ■ 


- 1- Qir) 

q = iim sup-. 

r—)-oo 


(4.2) 


r—>-oo 

Then problem m admits a unique positive solution u{r) satisfying 

q/p < liminf-, limsup- < q/p. 

- r->-oo rP r-j-oo rP — 

Let us point out that (j4.2p implies the assumption (A2). Besides, we denote the unique positive 
(radial) solution for problem (|4.1jl by u{r), which will be used in the sequel. 

Theorem 4.1. Suppose that q{r) satisfies ()4.2p . and 4>{r) ^ 0 is a continuous, nonnegative and 
bounded function. Let u{t, r) be the unique solution of the parabolic problem 

Ut — dAu = u{q{r) — p{r)u), t > 0, 0 < r < oo, 

Ur{t, 0) = 0, t > 0, 

, u(0,r) = 4>{r), 0 < r < oo. 

Then u{t,r) = u{r) uniformly on any compact subset of [0, oo). 

Proof. Taking account of Proposition 13.31 the condition ()4.2I1 results in Ai(oo;g, d) < 0. Conse¬ 
quently, for S> 1, the elliptic problem 


—dAu = u{q{\x\) — p(|x|)n), x G Bi, 
u(|x|) =0, X G dB£ 


(4.3) 


admits a unique positive (radial) solution, denoted by itfir). 

From the positivity of parabolic equations it follows that u{t, r) > 0 for all t > 0 and r > 0. 
Thus we may suppose that (f{r) > 0 for all r > 0. For 1, let ufit,r) be the unique solution of 
the initial-boundary value problem 


Ut — dAu = u{q{r) — p{r)u), t > 0, 0 < r < i, 
Ur{t,0) = 0 = u{£), t>0, 

0<r<£. 


(4.4) 


, u{0,r) = (fir), 

By the comparison principle we derive 

u{t,r) > U£{t,r), Vt>0, 0 <r < £. 


(4.5) 
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Let V’(^) denote the positive eigenfunction corresponding to Xi{£;q,d) < 0. Then it is not hard 
to verify that 8i'ip{r) is a lower solution of problem (14.31) if is a sufficiently small positive number. 
According to the above analysis on we know that there exists a sufficiently small (52 > 0 so 
that 62 ip{r) < <i>{r) on [0,£]. If <5 = min{(5i, (52}, then (5'0(r) < (l){r) on [0,1'] and is a lower solution 
of (14.311 . On the other hand, it is evident that a suitably large C > 0 is an upper solution of (14.31) . 
Let Ui{t,r) and Ui{t,r) be the unique solution of problem (|4.4h with (f){r) = C and ^(r) = 6ip{r), 
respectively. With the aid of the comparison principle one can derive 


Uiit, r) > Ui{t, r) > v^{t, r), V t > 0, 0 < r < f. 


(4.6) 


and ui{t,r) is decreasing and U/{t,r) is increasing with respect to t. Furthermore, it follows that 
both ui{t,r) = u^{r) and limt_).oo U£(L = Ikiir) positive solutions of (14.30 . Due to the 

uniqueness one can achieve Ui(r) = u^{r) = ue{r). Combining this with (|4.6I) and (14.51) gives 


liminfu(t,r) > Ui{r) uniformly on [0,^]. 

>-oo 


(4.7) 


In addition, by virtue of the regularity theory and compactness argument, we can deduce that 
ui{r) u(r) in C'jq']["’'([ 0, oo)) as £ —>■ oo. Therefore, it follows from (14.71) that 


hminfu(t,r) > u(r) uniformly on any compact subset of [0,oo) 

>oo 

Let C = max{||(/)||oo, lkl|cx)/p} and uc(t,r) be the unique solution of 


(4.8) 


ut — dAu = u{q{r) — p{r)u), t > 0, 0 < r < oo, 

Ur{t, 0 ) = 0 , t > 0, 

^ u(0, r) = C, 0 < r < oo. 

Then it is not too difficult to obtain that uc{t,r) is decreasing with respect to t, uc{t,r) > u{t,r) 
for all t > 0 and r > 0, uc{t,r) > u{r) for all t > 0 and r > 0 because of u{r) < C, and 
limi_).oo U(7(t, r) = u{r) uniformly on any compact subset of [0, oo), where u{r) is some positive 
solution of (14.1|) . By the uniqueness of solution for problem (|4.ip . we easily derive that 


limsupu(t, r) < u{r) uniformly on any compact subset of [0, oo). 


>-oo 


The desired result immediately follows from (14.8h and (14.9h . The proof is finished. 


(4.9) 


□ 


Let qi{r) G C'^([0,oo)), i = 1, 2. Assume that there exist p G (—2,0], and positive constants q^ 
and qi, such that 

qi{r) 


—^ r—>-oo tP 


qi = lim sup ■ 

r—>-00 


By means of Proposition 14.II problem (14.11) with q{r) replaced by qi{r) admits a unique positive 
solution, denoted by Ui{r), which satisfies 


—* r^oo rP r—>-00 ~ 


(4.10) 


Proposition 4.2. If qi{r) {i = 1,2) satisfies the above assumptions, and qfir) < q 2 {r) for allr > 0, 
then 

ui{r) < U 2 {r), V r > 0. 
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Proof. For convenience, we denote g{x) = g{r), where g may be one of the functions p,qi,Ui,i = 1,2. 
The proof will be divided into three steps. 

Step 1. It will be shown that there exists L > 1 large enough so that, if |x*| > L and ui(x*) > 
m*U 2 (x*) for some m* > m > 1, then we can find ?/* E and positive constants cq = co(L,m) 
and 5o = <5o(T,m) independent of x* and m*, such that 

\y* - x*| = ui(y*) > (1 + co)m*U2(2/*). 

By virtue of the assumptions for qi{x) and M.lOjl . it is easy to see that for all large L > 1 and 

|x| > L, 

^\x\f'< qi{x) < 2qi\x\P, ]-p<p{x)<2p, |^|x|^ < rti(x) < —|x|^, z = l,2. (4.11) 

2 2- 2p p 

We now fix L > 1 large enough such that < 1/2 and ()4.11l) holds for any |x| > L/2. Define 

Do = {x € R'^ : tti(x) > m*rt 2 (x)} n Bs{x^), 

where 6 = (5ox*^^^, Bs{x^,) = {x E R'^ : | X — x*| < 5}, and 5o E (0,1) is to be determined later. 
On account of lx*| > L and our choice of L, x E Dq implies 

|x*|/2 < lx| < 3|x*|/2. (4.12) 

Next, we consider ui(x) — m*n 2 (x) in Dq. By virtue of (14.111) . (|4.12l) and the assumption that 
ui(x) > m*U 2 (x) in Dq, it can be deduced that for x E Dq, 

—dA{ui—m^U2) = qi{x)ui — p{x)ul — m^{q2{x)u2 — p{x)u2) 

< q2{x){ui — m^,U2) — p{x){mlul — m^ul) 

< 2q2\x\P{ui - m^U2) - {p/8p)q^m^{m^ - l)|xp^ 

< 2^~f^q2\x^\P{ui - m*tt2) — {p/8p)q^{3/2)‘^Pm^{m:t: - l)|x*p^ 

< C'*|x*|^(rti — m*U2) — c*m*|x*p^, 

where C* = 2^~Pq2 and c* = {p/8p)q'^{3/2)‘^f{m — 1). 

Now we define 

w{x) = (2dN)~^ c*m*\x*\'^^ {5“^ — |x — x*p). 

Obviously, 'w{x) > 0 in Bs{x^) and —Aw{x) = (i“^c*m*|x*p^. It follows that for x E Dq, 

- dA{ui — m^U 2 + w)< C'*|x*|^(rti — m^U 2 ) < C'*|x*|^(rti — m*U 2 + w). (4.13) 

Let Ai(D) denote the first eigenvalue of —A over D under homogeneous Dirichlet boundary 
conditions. Then 

Ai(Do) > \i{Bi{x,)) = 5 -^Xi{Bi{x,)). 

By use of <5 = do 13^* I h is easy to get that Ai(Do) > (5(/^|x*|^Ai(Bi(x*)). Note that Ai(I?i(x*)) 

is independent of x*. We now select (5o E (0,1) small enough such that (5(/^Ai(i?i(x*)) > C* and 
hence Ai(Do) > C*|x*|^. Then making use of the maximum principle (Theorem 2.8 in [1]) and 
(I4.13p . we derive 

ui(x*) — m*U 2 (x*) + w{xA < max(ui — m^U 2 + w). 

dQo 
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It can be seen that the maximum of (ui — m*U2 + w) over dil.o has to be achieved by some 
y* E dBs(x*) since y E OQq \ dBs{x^) satisfies, by the definition of Qq, ui{y) = m*U2(y) and hence 

ui{y) - m*M2(y) + w{y) = w{y) < - m*U2(a:*) + w{x^,). 

Consequently we can take y* E dQo satisfying |y* — = <5 (thus rc(y*) = 0) so that 


ui(y*) - m*U2(y*) = ui(y*) - m*U2(y*) + ^^^(y*) 

> ui(x*) — m*U2(x*) + r(;(x*) 

> w{x^:) = 

= (2(iA^)“^c*m*(5ok*|^ > cim*y^, 

where ci = {2dN)~^> 0, and (14.121) has been used. By means of (|4.11|) . it follows that 


ui{y*) - m*^^2(y*) > cim^yP > ci(y/2y2)m*M2(y*)- 


Therefore we can choose cq = ci(y/2g2) and obtain our desired results. 
Step 2. We show that ui{x) < U 2 {x) for sufficiently large \x\ > 0. Let 


mo = inf{m > 0 : 


ui{x) < mu 2 {x), V |x| ^ 1}, i.e., 


rriQ = limsup 

|a:|^oo 


Ul{x) 

U 2 {x)' 


In view of (|4.10p we know that mo is finite. If mo < 1, then ui{x) < M2(ic) for |x| ^ 1. 

Suppose by way of contradiction that mo > 1- Then there exist a constant m E (l,mo) and a 
sequence {x„}, with |x„| ^ oo, such that 

forn = l,2 ,---. 

U 2 {Xn) 

On the other hand, we can find an integer y > 1 such that 

m' ~ ui(x) 

(1 + coTm > sup —. 

|a:|>L U 2 \X) 


Since \xn\ oo, there exists no large enough so that |xnol(l/2)-^ > L. Taking x* = Xuq and m* = m 
in Step 1, we can find y* = yi such that 

|yi - x*| = (5o|x*|“^/^, Mi(yi) > (1 + co)mu 2 {yi). 

Thanks to < 1/2, it follows that |yi| > |x*| — (5o|x*|“^/^ > |x„(,|(l — > L. We 

now take x* = yi and m* = (1 + co)m, and then can pick y2 such that 

\y2 - yi| = < 5 o|yir^/^, ui{y2) > (1 + coffhu2{y2)- 

Moreover, |y2| > ^|yi| > (^)^|xnol > L. 

Repeating this procedure, we must derive yj satisfying 

uiiyj) > (1 + coyrhu 2 {yj), \yj\ > ( 2 y\^rio\ > L. 


uijyj) 

Myj) 


^rh > sup 


ui{x) 


|3:|>L 


As a consequence 
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This is a contradiction. 

Step 3. It follows from Step 2 that there exists I > sufficiently large such that ui{x) < U 2 {x) 
for all \x\ > 1. Since qi{x) < q 2 {x) for all x E , it is clear that for any R > £, 

-dAui - qi{\x\)ui +p{\x\)ul = 0 < -dAu 2 - qi{\x\)u 2 +p{\x\)ul, x E Br{0), 

and limsup^_^j:j(uf — tt^) < 0. By means of the comparison principle (Lemma 5.6 in [5]) we can 
derive that rii(x) < U 2 {x) for all x E Br{0). The proof is finished. □ 

Theorem 4.2. Assume that there exist p E (—2,0], and positive numbers a^, a* such that 

y ■ rai{r) _ ai{r) 

Oj = lim mf-, a* = lim sup- 

r-^-cxD rP r-s-oo rP 


and 


— 01^2 > 0, a;^C2 — a2Ci > 0. 


Then the problem 

{ —diAu = rt(ai(r) — bi{r)u — ci(r)u) in 
—d 2 Av = v{a 2 {r) — b 2 {r)u — C 2 {r)v) in R-^ 
admits a positive solution. Furthermore, any positive solution {u, v) of ()4.14p fulfills 


u{r) > u{r) > u{r), v{r) > v{r) > vfr), V r > 0, 


(4.14) 


(4.15) 


where u, v, u and v will be given in the following proof. 

Proof. Step 1. The construction of n, v, u and v. 

By Proposition 14.11 the problem 

— diAu = u{ai{r) — bi{r)u) in R'^ 

has a unique positive solution, denoted by n(r), satisfying 

Oi , .. u(r) , u(r) oi 

^ < hm mf-, hm sup- < —. 

bi r^co rP r->-oo PP Pi 

Since 026^ — 0162 > 0, we have 


(4.16) 


limmf > 0. 

r—>-oo T’P 

Again making use of Proposition 14.11 we know that the problem 

— d 2 Av = v{a 2 {r) — b 2 {r)u — C 2 {r)v) in R'^ (4.17) 

admits a unique positive solution, denoted by vfr). Similar to the above we easily see that the 
problems 


— d 2 Av = v{a 2 {r) — C 2 {r)v) in R^ 


(4.18) 


and 


— diAu = u{ai{r) — bi{r)u — ci(r)u) in R^ 


(4.19) 
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possess unique positive solutions v{r) and u{r), respectively. 

Applying the comparison principle (Proposition 14.21) asserts that u{r) < u{r), v{r) < v{r) for 
all r > 0. 

Step 2. Existence of positive solution to problem (|4.14l) 

We know from Step 1 that u, v, u and v are the coupled ordered lower and upper solutions of 
problem (I4.14p . For any given £ > 0, it is evident that u, v, u and v are also the coupled ordered 
lower and upper solutions of the problem 

—diAu = u(ai(r) — bi{r)u — ci(r)u) in Bi, 

< —d 2 ^v = v{a 2 {r) — b 2 {r)u — C 2 {r)v) in (4.20) 

, u{t) = u(t'), v{t) = u(£). 

With the aid of the standard upper and lower solutions argument we conclude that problem (14.201) 
admits at least one positive solution, denoted by {u£,V£), satisfying 

u{r) < U£{r) < u(r), v(r) < V£{r) < v{r), V 0 < r < £. 

Taking advantage of the regularity theory and compactness argument infers that there exists a pair 
of (u,u) such that {u£,V£) {u,v) in [C'ioc([0)oo))]^ as oo and {u,v) solves (I4.14p . 

By virtue of Proposition 14.21 it can be deduced that any positive solution (u, v) of problem 
(I4.14P fulhlls (|4.15l) . The proof is ended. □ 

Employing the comparison principle (Proposition 14.2P . regularity theory and compactness ar¬ 
gument, we can demonstrate the following conclusion. 

Proposition 4.3. Suppose that 0 < e <C 1 and q{r) satisfies ()4.2[) . If uf{r) is the unique positive 
solution of problem 

—dAu = u{q{r)±er^—p{r)u) in 

then lime_j.o u^(r) = h(r) uniformly on any compact subset of [0,oo). 

Theorem 4.3. Let ai{r) and a 2 {r) be as in Theorem \4:.2[ If h{oo) = oo and {u{t,r),v{t,r),h{t)) is 
the solution of problem m, then the following inequalities hold uniformly on any compact subset 
of [0,oo), 


u{r) < liminf u(t, r), 

t—>-oo 

v{r) < liminf u(t, r), 

t—>-oo 


hmsupu(t,r) < u{r), 

t^OO 

limsupu(t,r) < v{r). 

t—)-oo 


Here u{r), u{r), v_{r) and v{r) are given in the proof of Theorem 14.21 


(4.21) 

(4.22) 


Proof. Step 1. Let u{t,r) be the only positive solution for ut — diAu = u{ai{r) — bi{r)u), t > 
0, 0 < r < oo with the boundary condition Ur{t, 0) = 0 for t > 0 and the initial data 

X f ^o(?’), 0 < r < ho, 
u(0,r) = <^ 

[0, r > ho- 

By means of the comparison principle we obtain u{t,r) < u{t,r) for all t > 0 and 0 < r < h{t). 
In light of Theorem 14.11 lim^^oo u(t, r) = u{r) uniformly on any compact subset of [0,oo), where 
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u{r) is the only positive solution of problem (I4.16I1 . Due to /i(oo) = oo, we easily get the second 
inequality of (|4.21l) . 

Similar to the above, we can derive limsupj_j,oo r) < v{r) uniformly on any compact subset 
of [0,oo), where v{r) is the only positive solution for problem (I4.18p . 

Step 2. In this step we shall show the remaining two inequalities of this theorem. 

For any given 0 < e <C 1 and £ 1, we can choose T sufficiently large so that 

h{t) > i, u{t, r) < u{r) + er^, \/ t>T, 0 < r < L 


In addition, for S> 1, the elliptic problem 

{ —d 2 ^v = v{a 2 {r) — C 2 {r)v — b 2 {r){u{r) + er^)) in Bi, 
v{i) = 0 


(4.23) 


admits a unique positive solution, denoted by v^{r). Since v(T,r) > 0 for any 0 < r < i, there 
exists a positive number <5 < 1 so that v{T,r) > 5v^{r) for any 0 < r < £. It is easy to verify that 
6 v^{r) is a lower solution of problem (I4.23|) . 

Let Vg{t, r) be the unique solution of the following parabolic problem with fix boundary condition 


vt — d 2 Av = v{a 2 {r) — C 2 {r)v — b 2 {r){u{r) + er^)), t > T, 0 < r < £, 

< Vr{t,0) = 0 = v{t,i), t>T, (4.24) 

v{T,r) = 6 v^{r), 0 < r < i. 

The comparison principle asserts v{t,r) > v^(t,r) for any t > T and 0 < r < £, and v^{t,r) is 
increasing with respect to t. Note that C = max{iF, ||a2(?’)||oo/c2} is an upper solution of problem 
(j4.24p . where K is established in Theorem l2.ll Thus it can be deduced that lim4_>.oo v^{t, r) = u^(r) 
uniformly on [0,£]. We further derive 

liminfu(t,r) > v^{r) uniformly on [0,.^]. (4-25) 

t—)-oo 

Let UgPr) be the unique positive solution of 

— d 2 Av = v{a 2 {r) — b 2 {r){u{r) + er^) — C2(r)u) in R'^. (4.26) 

By virtue of the comparison principle we obtain v^{r) < Vs{r) on [0,£] and v^{r) is increasing with 
respect to i. Making use of the regularity theory and compactness argument, it can be deduced 
that there exists a positive function v{r) so that v^{r) v{r) in C'jq^([ 0, oo)) as £ ^ oo, and v(r) 
satisfies (I4.26p . Owing to the uniqueness of solution we have v(r) = Ue(r), and so 

lim v^(r) = Vs{r) uniformly on any compact subset of [0,oo). (4.27) 

In terms of Proposition 14.31 we derive 

limue(r) = v(r) uniformly on any compact subset of [0, oo), (4.28) 

where u(r) is the only positive solution of problem (j4.17p . 

Now the hrst inequality of (j4.22p immediately follows from (j4.25D . (I4.27p and (I4.28p . Similarly 
we can show 


u{r) < liminfu(t,r) uniformly on any compact subset of [0,co), 

>oo 


where u{r) denotes the unique positive solution of problem (|4.19l) . This completes the proof of 
Theorem 14.31 □ 
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5 Corresponding results for problem (11.21) 

In this section, we explain how the techniques developed for treating dEU) can be modified to derive 
similar results for (|1.2p . 

We start with the counterpart of Theorem 12.11 

Theorem 5.1. For any given uq and vq satisfying (|1.4p . problem O) has a unique global solution 
{u,v,h), and 

{u,v,h) E C^+2’2+7 (q) X X C^+^(0,cx)), 

where Q = {(t, r) E : t E (0,oo), r E [0,/i(t)]} and D = {(t, r) E t E (0, oo), r E 

[0,oo)}. Moreover, there exist positive constants K and Ki dependent on di, fi, l3,b^,bi,c^,Ci,ho and 
||oj, uo, uqIIoo such that 

0 < u{t, r) < K, V t > 0, 0 < r < 0 < v{t, r) < K, V t > 0, 0 < r < oo; 

0 < h'{t) <K, V t > 0; ||u(t, OllcMo.fed)] ^ V t > 1; < Ki, V n > 0. 

Proof. The proof is essentially the same as that of Theorem 12.11 We merely point out two mod¬ 
ifications here. Firstly, similar to the argument for Theorem 2.1 in m instead of Lemma 2.1 
in m, it can be shown that for any u E (0,1), there is a r > 0 such that problem (II.2p 
admits a unique local solution {u,v,h) E x x C^’''2(0, r), where 

Qt = {{'ti'i") '■ ^ £ (O)’’’]) ^ ^ Dr = {(t,r) : t E (0, r], r E [0,oo)}. Secondly, the 

regularity v E x [0,oo)) comes from the fact that v E x [m,m-|-l]) 

for any m >0. □ 

In the remainder of this section, it is always assumed that there exists positive constants Oj, di 
(i = 1, 2) such that 

= ai = limsup^ild. (5.1) 

r—^00 r —^00 rP 

We next establish the spreading-vanishing dichotomy. To do this, we first exhibit the asymptotic 
behavior of (u, v) for vanishing situation. 

Theorem 5.2. Let {u,v,h) be the solution of problem (11.20 . If hoo < oo, then 

ll«(ir)llc([o,h(t)]) = 0 (5.2) 

and 

lim v{t,r) = V{r) uniformly on any compact subset of [0,oo), (5.3) 

f—)-oo 

where V (r) is the only positive solution of the problem 

— d- 2 /S.v = v{a 2 {r) — C 2 {r)v) in (5.4) 

This result shows that if a new competitor can not penetrate deep into the habitat of a well established 
native species, it will dies out eventually. 

Proof. The limit ()5.2p can be obtained analogously to the proof of Theorem 13.11 
Set C = ||uo||oo + II®2 (?’)||oo/c 2 let vc{t,r) be the only positive solution of 

vt — d 2 l^v = v{a 2 {r) — C 2 {r)v), t > 0, 0 < r < oo, 

< Vr(t, 0) = 0, t > 0, 

, u(0, r) = C, 0 < r < oo. 
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Then v{t,r) < vc{t,r) for all f > 0 and r > 0 and vc{t,r) is decreasing with respect to t. 
Because V{r) is the only positive solution of (|5.4I1 . by the standard method we can show that 
limi_j.oo uc(t, r) = V{r) uniformly on any compact subset of [0,oo). Thus 

limsupu(t, r) < V{r) uniformly on any compact subset of [0,oo). 

t^OO 

Since u{t, r) = 0 for any t >0 and r > h{t), we can select sufficiently large T > 0 such that for any 

0 < e < 1, 

u{t,r) < er^, V t > T, r > 0. 

Similar to the discussion of Step 2 in Theorem 14.31 it is not difficult to derive that 
liminfu(t,r) > V{r) uniformly on any compact subset of [0,oo). 

t^OO 

Therefore, ()5.3I1 is verified. This completes the proof. □ 


Assume in the sequel that 

(A3) there exists 0 < < oo so that Ai(i2*;ai(r) — ci{r)V{r), di) = 0. 

Let us point out that this assumption can hold when 0^02 — a2Ci > 0. Actually, it follows from 
Proposition 14.11 that V{r) satisfies 

V(r) V(r) 

00/^2 < liminf- < limsup- < 02/02. 

r^oo rP r-^-oo rP 

Therefore, if a;^C2 — 0201 > 0, then liminf^^oo > g, which implies that the function 

ai(r) — ci{r)V(r) fulfills condition (A2). In view of Proposition 13.31 the assumption (A3) can be 
achieved. 


Lemma 5.1. Let (u,v,h) be the solution of problem (|1.2I1 . If h^o < 00 , then hoo < R* ■ 
Proof. We easily know from Theorem 15.21 that 


lim 

t^OO 


•)llc([o,h(q]) - 0 


and 


lim v{t,r) = V{r) uniformly on any compact subset of [0,oo), 

>00 

Assume on the contrary that R* < hoo < 00 . By means of Proposition I3.2l fiii we know that 
Ai(/ioo; oi — ciV, di) < 0. Similar to the proof of Lemma IXTl there are 0 < e <C 1 and T S> 1 such 
that 

v(t,r) <V(r)-\ - Vf>T, 0<r< h{t), 

ci(r) 

and \i{h{T);ai — ciV — e,di) < 0. Let w{t,r) and W{r) denote the unique positive solution of 


wt — diAw = w{ai{r) — bi{r)w — ci{r)V — s), t > T, 0 < r < h{T), 

< Wr{t,0) = 0 = w{t,h{T)), t>T, 

w{T,r) = u{T,r), 0 < r < h{T) 

and the corresponding stationary problem 

J -diAW = lT(ai(r) - ci(r)V -e- bi{r)W), 0 < r < h{T), 

\ WM = 0 = W{h{T)), 

respectively. Then, we deduce that liminfi_j.oo u(t, r) > limt^oow{t,r) = IT(r) > 0 in (0,/i(T)), 
which is in contradiction to the fact that limi_).oo ||w(L •)llc([o,/i(q]) = 0- This finishes the proof. □ 
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The next lemma can be obtained in a similar manner to Lemma 13.31 111. 


Lemma 5.2. If ho < R*, then there exists a positive number pL so that hoo = oo if ix> pL. 

The hypothesis (15.1|] ensures that there exists 0 < i? < oo such that Xi{R;ai{r),di) = 0. By 
virtue of Proposition I3.2l iil it follows that R < R*. 

Lemma 5.3. If /iq < R, then there exists a positive number fi so that h^o < oo when pL < pL. 

Proof. Obviously, {u, h) satisfies 


ut — diAu < u{ai{r) — bi{r)u), 
Ur(t,0) = 0, u{t,h{t)) = 0, 

h'{t) = —fJ,Ur{t,h{t)), 

_ t(( 0 ,r) = uo(r), 


t > 0, 0 < r < h{t), 
t > 0, 
t > 0, 

0 < r < ho, 


which implies that 


{u, h) is a lower solution to the problem 


Ut — diAu = u{ai{r) — bi{r)u), 
Ur(t,0) = 0, u{t,h(t)) = 0, 

h'{t) = —pLUr{t,h{t)), 

_ u( 0 ,r) = uo{r), ho = ho, 


t > 0, 0 < r < h{t), 
t > 0, 
t > 0, 

0 < r < ho- 


Note ho < R, from the proof of Lemma 13.21 falso see Theorem 3.4 in [26]) it is easy to deduce that 
there exists p. > 0 such that hoc < oo when pi < pi. Making use of the comparison principle for 
single equation with a free boundary gives hoo < oo when pi < pi. □ 


To find the sharp criteria governing the alternatives in the spreading-vanishing dichotomy, we 
require the following comparison principle, which can be argued as in Lemma 2.6 of P. 

Lemma 5.4. Assume that T E (0,oo), h,h E C'^([0,r]), u E C{Qf.) n C'^’^(Qy) with Qf. = 
{{t,r) E : t E (0,T],r E (0,h(t))}, u E C{Q^) n with = {(t,r) E t E 

(0,T],r E {0,h{t))}, v,v E {L°° n C)([0,T] x [0,oo)) H C'^’^((0,T] x [0,oo)) and 

Ut — diAu > u{ai{r) — bi{r)u — ci(r)u), 

Uj. — diAu < u{ai{r) — bi{r)u — ci{r)v), 
vt - d2Av > v{a2{r) — b2{r)u - C2{r)v), 

— d2Av < v{a2[r) — b2{r)u — C2{r)v), 

Ur{t, 0 ) = 0 ) = 0 , u{t, r) = 0 , 

Ur{t, 0 ) = Vrit, 0 ) = 0 , u{t, r) = 0 , 

h'{t) > — piUr{t,h{t)), hf{t) : 
h(0) > ho > h{0), 
h(0, r) > uo(r) > ;u(0, r), 

^ u(0, r) > vo{r) > v{0,r). 

Let {u,v,h) be the unique solution of (|1.2I) . Then 

h{t) < h{t) for 0 < t < T, u{t,r) < u{t,r), v{t,r) > vft,r) for 0 < t < T, 0 < r < oo, 

h{t) > h{t) for 0 < t < T, u{t, r) > u{t, r), v{t, r) < v{t, r) for 0 < t < T, 0 < r < oo. 


ci(r)u). 

0 

< 

VI 

T, 

VI 

o 

r < hit), 

ci(r)i;). 

0 

< 

VI 

T, 

VI 

o 

r < hit). 

C2{r)v), 

0 

< 

VI 

T, 

VI 

o 

r < oo. 

C2{r)v), 

0 

< 

VI 

T, 

VI 

o 

r < oo. 

0 , 

0 

< 

VI 

T, 

hit) 

< r < oo 

0 , 

0 

< 

VI 

T, 

hit) 

< r < oo 

mAtihit)), 

0 

< 

VI 

T, 




0 

< 

r < 

ho 

5 



0 

< 

r < 

oo 
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We can now use Lemmas l5.m5.4l to show the following sharp criteria for spreading and vanishing. 

Theorem 5.3. (i) If ho > R*, then h^o = oo for all /r > 0. 

(ii) If ho < R*, then there exists ft > 0 such that h^o = oo for any gi> fi, whereas hoo < R* for 

any g, < fi. 

Proof. We only sketch the proof of assertion(ii), since (i) can be manifested by the same argument 
as in Theorem ra). 

Define T = {/i > 0 : h^a > R*}. In terms of Lemmas ED and Mi we know that ft = inf X G 
(0,oo). Notice that Lemma 15.41 implies the monotonicity of /iqo with respect to /r. Therefore, it 

follows from Lemma O that hoo < oo if /U < /i and hoo = oo if /r > /i. Same to the proof for 

gL* G X* in Theorem 13.21 it can be derived that jl ^ X. □ 

Then, we consider the long time behavior for the spreading of u. Actually, by the argument of 
Theorem 14.31 with some obvious modifications we can show 

Theorem 5.4. Suppose that a 2 h.i~hib 2 > 0, aiC 2 —a 2 Ci > 0 and {u,v,h) is the the unique solution 
of ()1.2[1 with hoo = oo. Then 

ufr) < liminf u(t, r), lim sup n(f,r) < u{r) uniformly on any compact subset of [0,oo), 

t^oo 

v{r) < liminf u(t, r), hmsupu(f,r) < v{r) uniformly on any compact subset of [0,oo), 

t^oo 

where u{r), u{r), vfr) and v{r) are given in the proof of Theorem 14.21 

Except for these above results corresponding to problem (|l.lll discussed in Sections [2M1 we 
also obtain the asymptotic spreading speed of the free boundary h{t) for problem (|1.2I) when p is 
restricted to 0, i.e., 

Oj = liminf aj(r), a* = lim sup aj(r). (5-5) 

r—>-cx> 

Let us first state the following known consequence, which plays an important role in later 
discussion. One can find the proof in [21 Proposition 2.1]. 

Proposition 5.1. For any given positive constants a,b,d and k G [0,2\/ffd), the problem 

—dw" + kw' = aw — bw"^ in 0 < r < oo, w{0) = 0 


admits a unique positive solution w = Wk = Wa,b,d,k, which satisfies w{r) —| as r ^ oo. Moreover, 
w'j^{r) > 0 for all r > 0, w'i^^{r) > w'f.^{r) for any r > 0 and ki < k 2 , and for each p > 0, there 
exists a unique ko = ko{p,a,b,d) G [0,2\/^) such that = ho- Furthermore, 


ko 

hm ,_ 


= 2 , 


fco bd 

hm _ — 


1 

71' 


Taking advantage of the function ko{p,a,b,d), we can derive the following estimates for the 
asymptotic spreading speed of h{t). 


Theorem 5.5. Suppose that a^iC 2 — a 2 Ci > 0 and hoo = oo. Then 


ko{p,ai — a 2 Ci/c 2 ,bi, di) < liminf —71 < Hmsup 77. < ko{p, ai,bi,di). 


t^OO t 


t—>-oo i 
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Proof. Because 

ut — diAu = u{ai{r) — bi{r)u — ci(r)u) < n(ai(r) — bi{r)u), t > 0 , 0 < r < h{t), 
Ur{t, 0) = 0, u{t, h{t)) = 0, t > 0, 

< 

h'{t) = —flUr{t,h{t)), t > 0 , 

_ u(0,r) = uo(r), 0 < r < /iq. 

This indicates that (u, h) is a lower solution to the problem 

Ut — diAu = u{ai{r) — bi{r)u), t > 0 , 0 < r < h{t), 

Ur(t, 0 ) = 0, u{t,h(t)) = 0, t > 0 , 

< _ 

h'{t) = —fJ,Ur{t,h{t)), t > 0 , 

_ u(0,r) = uo{r), ho = ho, 0 < r < ho- 


By means of the comparison principle, it is easy to obtain that h{t) > h{t) as t —>■ oo. A similar 
argument as in |33l Theorem 6.1] gives rise to 


lim 

t—>-oo 


h(t) 

t 


ko{fi,ai,b^,di). 


And it then follows that 


h(t) 


lim sup 
t—>-oo t 


< A:o(/r,ai,hi,di). 


Next, by constructing a suitable lower solution, we want to show 

liminf —^ > ko{fi,ai — a2Ci/c2, hi, di). 

i—loo t 


Note (15.51) and the assumption (H). So, for any e' > 0, there exists R' = R'ie') > 0 such that for 
any r > R', 

Oj — e' < aj(r) < Oj + e', Cj — e' < Ci(r) < q + e'. 

Hence it is not difficult to show that 

hmsupu(t, r) < ^^ uniformly for r G [i?^,oo). 

t—)-CxD C2 S 

By virtue of Theorem l5.4l we know that limsupj_,.oo u(t, r) < v{r) uniformly on any compact subset 
of [0,oo). Thanks to hoo = 00, for any given 0 < e ^ 1, there exists i? S> 1, T = T(e) > 0 and 
positive function v*{r) G ^^([0,00)) such that 


v{t, r) < v*{r) + e for t > T and 0 < r < 00, 
v*{r) = 02/02 for i? < r < 00, and h(T) > R. 


Consider the following auxiliary problem 

" Hi — diAu = n[ai(r) — ci{r){v*{r) + e) — hi(r)u], t > T, 0 < r < h{t), 
Ur(t,0) = 0, u{t,h{t)) = 0, t>T, 

< 

h/{t) = —HH.ri'tTlli't)), t>T, 

, u(r, r) = u{T,r), 0 < r < h(T). 
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Apparently, {u, h) is an upper solution of the above problem, and 

liminf[ai(r) - ci{r){v*{r) + e)] > Oi - cxia^jc^ + ^)- 

r—>-oo 


Again making use of the argument of m brings about 


lim = ko{fJ.,a^ - 01(02/02 + e),6i,di) 
t—>00 t 


which implies that 


lim inf 


h{t) 


> /co(M)«i -01(02/02 + 0), 61, di). 


t^OO t 

Due to the arbitrariness of e, the desired result can be derived immediately. 


□ 


6 Discussion 

In this article we have studied the dynamical behavior of the two competing species u{t, |x|) and 
i;(t, |x|) with expanding front {|x| = h{t)} determined by h'{t) = —iJ.[ux{t, h{t)) + f3vx{t,h{t))], 
i.e., dni), and also the dynamical behavior of the new competitor u{t, |x|) invading into the native 
species v{t,\x\) with expanding front {|x| = h{t)} determined by h'{t) = —fiUx{t,h{t)), i.e., (11.211 . 
We suppose that these species exist in a heterogeneous environment, especially, the variable intrinsic 
growth rate Oi(|x|) (i=l,2) may be “very negative” in the sense that both ai{\x\)dx = —00 and 
\{x : Oi(|x|) > 0}| <C |{x : Oi(|x|) < 0}| are allowed (see (A2)), where |A| denotes the measure of 
A. That is, the results in [ISHSSIEI] are extended to the more realistic environment. 

From the above discussion we have realized that the number h* satisfying either Ai(/i*; ai, di) = 
0 or Ai(h*;02,^2) = 0 is crucial to problem (11.11) : To (jl.2l) the counterpart is R*. Let I* = h*, 
and n* = fi* for the former problem, and I* = R* and = u* = jl for the latter. We have 
proved that 

(i) If the expanding radius of initial habitat is less than I* and the moving parameter ^ of the 
expanding front is less than n*, then /iqo < I* ■ Moveover, 

(ia) for problem ([□]), lim^^oo ll«(L Ollcdo.M*)]) = Ollcdo.Mb]) = 

(ib) for problem (fL2l) . limt^oo ||^^(i, •)llc([0,/id)]) = ^ ^^m^oov{t,r) = V(r) uniformly on 
any compact subset of [0,00), where V{r) is the only positive solution of the problem —d 2 ^v = 
v{a 2 {r) — C 2 {r)v) in 

(ii) If the expanding radius of initial habitat is not less than T, or it is less than I* but the moving 
parameter /r of the expanding front is greater than v*, then hoo = 00. Moreover, if a 2 ki ~ hi&2 > 0, 
“1C2 — «2Ci > 0, then u{t,r) and v{t,r) satisfy 

u{r) < liminf u(t, r), limsuptt(t, r) < h(r), v(r) < liminf n(t, r), limsupn(t,r) < v{r) 

t^oo t^OO 

uniformly on any compact subset of [0,oo), where u(r), 'u(r), v{r) and v{r) are given in the proof 
of Theorem 14.21 

Our conclusions not only provide the sufficient conditions for species spreading success and 
spreading failure, but also provide the long time behavior of {u{t,r),v{t,r)). If the expanding 
radius of initial habitat is small, and the moving parameter is sufficiently small, it turns out that 
no population can survive eventually for 0, and no new competitor u{t,r) can survive for (II.2p . 
On the other hand, If the expanding radius of initial habitat or the moving parameter is large 
enough, regardless of initial population size, then the expanding domain inevitably becomes the 
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whole existing space. The phenomenon suggests that the expanding radius of initial habitat and 
the moving parameter are important to the survival for the species. The better way to reduce the 
moving parameter may be to control the surrounding environment. 

These theoretical results may be helpful in the prediction and prevention of biological invasions. 


References 

[1] H. Berestycki, L., Nirenberg, and S.R.S. Varadhan, The principal eigenvalue and maximum 
principle for second order elliptic operators in general domains, Comm. Pure Appl. Math., 
47(1994), 47-92. 

[2] G. Bunting, Y.H. Du and K. Krakowski, Spreading speed revisited: Analysis of a free boundary 
model, Networks and Heterogeneous Media (special issue dedicated to H. Matano), 7(2012), 
583-603. 

[3] R.S. Cantrell and C. Cosner, Spatial Ecology via Reaction-Diffusion Equations, Wiley Series 
in Mathematical and Computational Biology, John Wiley & Sons Ltd., 2003. 

[4] X.F. Chen and A. Friedman, A free boundary problem for an elliptic-hyperbolic system: an 
application to tumor growth, SIAM J. Math. Anal., 35(2003), 974-986. 

[5] Y.H. Du, Order Structure and Topological Methods in Nonlinear PDEs, Vol. 1: Maximum 
Principle and Applications, World Scientiffic, Singapore, 2006. 

[6] S.B. Cui, Well-posedness of a multidimensional free boundary problem modelling the growth of 
nonnecrotic tumors, J. Funct. Anal., 245(2007), 1-18. 

[7] Y.H. Du and Z.M. Guo, Spreading-vanishing dichotomy in the diffusive logistic model with a 
free boundary, H, J. Differential Equations, 250(2011), 4336-4366. 

[8] Y.H. Du and Z.M. Guo, The Stefan problem for the Eisher-KPP equation, J. Differential 
Equations, 253(3)(2012), 996-1035. 

[9] Y.H. Du, Z.M. Guo and R. Peng, A diffusive logistic model with a free boundary in time-periodic 
environment, J. Eunct. Anal., 265(2013), 2089-2142. 

[10] Y.H. Du and Z.G. Lin, Spreading-vanishing dichotomy in the diffusive logistic model with a 
free boundary, SIAM J. Math. Anal., 42(2010), 377-405. 

[11] Y.H. Du and Z.G. Lin, The diffusive competition model with a free boundary: invasion of a 
superior or inferior competitor, Discrete Cont. Dyn. Syst.-B, 19(10)(2014), 3105-3132. 

[12] Y.H. Du and B.D. Lou, Spreading and vanishing in nonlinear diffusion problems with free 
boundaries, J. Eur. Math. Soc., to appear (arXivl301.5373) 

[13] J. Escher, P. Laurengot and C. Walker, A parabolic free boundary problem modeling electrostatic 
MEMS. arXiv:1211.5973vl [math.AP]. 

[14] A. Friedman, B. Hu and C. Xue, Analysis of a mathematical model of ischemic cutaneous 
wounds, SIAM J. Math. Anal., 42(2010), 2013-2040. 

[15] J.S. Guo and C.H. Wu, On a free boundary problem for a two-species weak competition system, 
J. Dyn. Diff. Equal., 24(2012), 873-895. 

[16] Y. Kaneko and Y. Yamada, A free boundary problem for a reaction diffusion equation appearing 
in ecology, Adv. Math. Sci. Appl., 21(2)(2011), 467-492. 


26 


Yonggang Zhao and Mingxin Wang 


[17] Y. Kan-On, Fisher wave fronts for the Lotka-Volterra competition model with diffusion, Nonl. 
Anal. TMA., 28(1997), 145-164. 

[18] K. Kishimoto and H.F. Weinberger, The spatial homogeneity of stable equilibria of some 
reaction-diffusion systems on convex domains, J. Differential Equations, 58(1985), 15-21. 

[19] O.A. Ladyzenskaja, V.A. Solonnikov and N.N. Uralceva, Linear and Quasilinear Equations of 
Parabolic Type, Academic Press, New York, London, 1968. 

[20] G.M. Lieberman, Second Order Parabolic Differential Equations, World Scientific Publishing 
Co. Inc., River Edge, NJ, 1996. 

[21] W.M. Ni, The Mathematics of Diffusion, CBMS-NSE Regional Conf. Ser. in Appl. Math. 82, 
SIAM, Philadelphia, 2011. 

[22] A. Okubo, P.K. Maini, M.H. Williamson and J.D. Murray, On the spatial spread of the grey 
squirrel in Britain, Proc. R. Soc. Lond. B, 238(1989), 113-125. 

[23] C.V. Pao, Nonliear Parabolic and Elliptic Equations, Plenum Press, New York, 1992. 

[24] R. Peng and X.Q. Zhao, The diffusive logistic model with a free boundary and seasonal succes¬ 
sion, Discrete Cont. Dyn. Syst. A, 33(5)(2013), 2007-2031. 

[25] M.X. Wang, Nonlinear Elliptic Equations (in Chinese), Science Press, Beijing, 2010. 

[26] M.X. Wang, On some free boundary problems of the prey-predator model, J. Differential Equa¬ 
tions, 256(10)(2014), 3365-3394. 

[27] M.X. Wang, Spreading and vanishing in the diffusive prey-predator model with a free boundary, 
Commun. Nonlinear Sci. Numer. Simula!., 23(2015), 311-327. 

[28] M.X. Wang, The diffusive logistic equation with a free boundary and sign-changing coefficient, 
J. Differential Equations, 258(2015), 1252-1266. 

[29] M.X. Wang and J.F. Zhao, Tree boundary problems for a Lotka-Volterra competition system, 
26(3)(2014), 655-672 (DOI: 10.1007/sl0884-014-9363-4). 

[30] M.X. Wang and J.F. Zhao, A free boundary problem for a predator-prey model with double free 
boundaries, arXiv:1312.7751 [math.DS]. 

[31] M.X. Wang and Y.C. Zhao, A semilinear parabolic system with a free boundary, Preprint, 
2014. 

[32] J.F. Zhao and M.X. Wang, A free boundary problem of a predator-prey model with higher 
dimension and heterogeneous environment. Nonlinear Anal., Real World Appl., 16(2014), 250- 
263. 

[33] P. Zhou and D.M. Xiao, The diffusive logistic model with a free boundary in heterogeneous 
environment, J. Differential Equations, 256(2014), 1927-1954. 


